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Let  be an algebraic algebra over an inﬁnite ﬁeld K and let  be its group
of units. We prove a stronger version of Hartley’s conjecture for , namely, if a
Laurent polynomial identity (LPI, for short) f = 0 is satisﬁed in , then 
satisﬁes a polynomial identity (PI). We also show that if  is non-commutative,
then  is a PI-ring, provided f = 0 is satisﬁed by the non-central units of . In
particular,  is locally ﬁnite and, thus, the Kurosh problem has a positive answer
for K-algebras whose unit group is LPI. Moreover, f = 0 holds in  if and
only if the same identity is satisﬁed in . The last fact remains true for generalized
Laurent polynomial identities, provided that  is locally ﬁnite.  2002 Elsevier Science
(USA)
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1. INTRODUCTION
Let K be an inﬁnite ﬁeld, let  be a unitary associative K-algebra, and let
 be its group of units. For algebras with “many units” several recent
papers considered the following conjecture: if  satisﬁes a group identity
(GI) or a semigroup identity (SI), then  is a polynomial identity ring (PI-
ring) [1–4, 6–11, 14, 16]. In the case of group algebras of torsion groups
this conjecture is attributed to Brian Hartley. In this note we consider a
stronger version of Hartley’s conjecture for algebraic algebras, substituting
GI or SI by an arbitrary Laurent polynomial identity (LPI). Moreover, we
want to transfer the law from  to . Namely, we consider the following
1 The authors were partially supported by CNPq of Brazil; Proc. 301115/95-8 and Proc.
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question: if  is an algebra with “many” units such that  satisﬁes an LPI
(in particular, GI or SI), is it true that  satisﬁes the same identity? We also
consider such transferring from the non-central units of  to , when  is
non-commutative.
By a Laurent polynomial f = f ζ1 ζ2     ζk we mean a non-zero ele-
ment of KFk, the group algebra over the ﬁeld K of the free group Fk
freely generated by ζ1 ζ2     ζk. A generalized Laurent polynomial is a
non-zero element of the free product (coproduct)  ∗K KFk of  and KFk
over K.
Let f = f ζ1 ζ2     ζk be a generalized Laurent polynomial which
does not involve the inverses of ζ1     ζs 0 ≤ s ≤ k and the inverses of
ζs+1     ζk do appear in f . We say that  satisﬁes the identity f = 0 if this
equality always holds after substituting the ζ1     ζs by arbitrary elements
of  and the ζs+1     ζk by arbitrary units of . Then we come to the
concept of a group identity u = 1 in its usual sense if we take f = u − 1,
where u = uζ1     ζk is an element of Fk. If all the inverses of ζi’s are
involved in u (or f ), then s = 0 and only units of  are allowed to be
substituted in u (or f ).
Depending on the way that an identity is written, we can extract more
or less information on the algebra structure, when transferring the identity
from  to . Let us illustrate this with the following example.
Let  be an algebra such that the identities (GI, LPI, or GLPI) are
transferable from  to . If  satisﬁes the identity x−1y−1xy = 1
then the same will be true for ; however, since only invertible elements
are allowed, this does not give anything new about . On the other hand,
if we say that  satisﬁes xy = yx then  is also commutative, and the
conclusion becomes different.
This note is structured in the following way. In Section 2 we consider
locally ﬁnite algebras  over an inﬁnite ﬁeld and prove that if  satisﬁes
a GLPI f = 0 then the same identity holds in . Moreover, if  is non-
commutative then f = 0 holds in  if and only if f = 0 is satisﬁed by the
non-central units of  (Theorem 1). In particular, a generalized polynomial,
group, or semigroup law can be transferred from the non-central units to
. We also give easy applications to group algebras, twisted group algebras,
and nil-generated unitary algebras (Corollary 4).
In Section 3 we prove that if  is an algebraic algebra over an inﬁnite ﬁeld
K such that  satisﬁes an LPI f = 0, then a PI holds in . Moreover,
if  is non-commutative, then  is a PI-ring, provided f = 0 is satisﬁed on
the non-central units of  (Theorem 5). This establishes a strong version
of Hartley’s conjecture. It follows that  is locally ﬁnite and thus  satisﬁes
f = 0. In particular, a PI can be transferred from  to  (Corollary 9),
and the Kurosh problem has a positive answer for K-algebras whose non-
central units satisfy an LPI.
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2. LOCALLY FINITE ALGEBRAS
Theorem 1. Let  be a locally ﬁnite algebra over an inﬁnite ﬁeld K. Then
(i)  satisﬁes a GLPI if and only if the same identity holds in .
(ii) If  is non-commutative, then a GLPI holds in  if and only if
the same identity is satisﬁed by the non-central units of . In particular, 
satisﬁes a generalized polynomial identity f = 0 if and only if f = 0 holds on
the non-central units of .
Proof. (i) The “only if” part is obvious, so suppose that  satisﬁes
a GLPI f = 0 where f = f ζ1 ζ2     ζk does not involve the inverses
of ζ1 ζ2     ζs 0 ≤ s ≤ k. If s = 0 this means that the inverses of all
variables appear in f . In this case the claim is true by vacuity, since we
are not allowed to make substitutions in f by non-invertible elements of .
One may assume, therefore, that s is at least 1.
It is also clear that we may suppose that  is of ﬁnite dimension n.
Fixing a K-basis of  we consider an arbitrary element x ∈  as a point
x1     xn in the afﬁne space  = Kn. For a subset Y ⊂  denote by
IY  the ideal of all polynomials on n variables x1     xn which annihilate
each y ∈ Y . Then it is well known that IY  = I
Y , where 
Y is the closure
of Y in  with respect to the Zariski topology on .
It is easily seen that  is open in . Indeed, let  →MnK be
the regular representation of . If detx = 0 then x is invertible in
MnK; thus it cannot be a zero divisor in  Since an element in a ﬁnite
dimensional algebra is either a zero divisor or invertible, it follows that x
is invertible in . Now, detx can be considered as a polynomial h
in coordinates x1     xn of x. Hence
 = x1     xn ∈  hx1     xn = 0
and  is an open subset in .
Fix elements a1     as−1 b1     bs′ ∈ s′ = k− s. If we substitute
in
f a1     as−1 x b1     bs′  = 0(1)
the elements a1     as−1 x b1     bs′ by their coordinates with respect
to the ﬁxed basis, we obtain n equalities f1 = 0     fn = 0, where each fi
is a polynomial on variables x1     xn. Observe that for a given element
y = y1     yn ∈  the equality (1) is satisﬁed when substituting x by y if
and only if fiy1     yn = 0 for each i = 1     n. Since all fi annihilate
, then
fix1     xn ∈ I = I i = 1     n
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Because  is an irreducible topological space and  is open in , it
follows that  =  and, thus, each fi annihilates . Coming back to
our original identity this means that
f a1     as−1 cs b1     bs′  = 0
holds for all a1     as−1 b1     bs′ ∈  and each cs ∈ . Suppose that
we already proved that the identity
f a1     at ct+1     cs b1     bs′  = 0
holds for all a1     at ∈  ct+1     cs ∈ , and b1     bs′ ∈ .
Fixing units a1     at−1, b1     bs′ ∈  and elements ct+1     cs ∈ 
and taking on the tth place a variable element x = x1     xn, we see,
again, that
f a1     at−1 x ct+1     cs b1     bs′  = 0(2)
gives rise to n equalities g1 = 0     gn = 0, where each gix1     xn
is a polynomial, which annihilates . As above, we obtain that it has
to annihilate . Hence, (2) holds for all x ∈ . Thus, by induction, we
conclude that the identity f = 0 is satisﬁed on .
(ii) Suppose now that  is non-commutative and the identity f = 0 is
satisﬁed by the non-central units of . By item (i) it is enough to show that
f = 0 is satisﬁed on .
Observe ﬁrst that  is generated, as a vector space over K, by .
Indeed, the K-linear span  of  is a subspace of  and, therefore,
is closed in  with respect to the Zariski topology. Thus,  =  ⊂ 
which gives  = , as desired.
Since  is non-commutative, the set  of the non-central units of  is
non-empty. It can be easily seen that the centralizer y of an element
y ∈  in  is closed in , since the condition xy = yx can be
written as a system of polynomial equations in coordinates of x ∈ .
Hence the center of  is closed as an intersection of closed sets and
thus  is a non-empty open subset of . Because  =  is an
irreducible space, it follows that  is also irreducible and, consequently,
 is dense in . This yields that I  = I.
Fix elements a1     ak−1 ∈  and write f a1     ak−1 x = 0 as a
system of polynomial equations h1 = 0     hn = 0 in variables x1     xn.
Since each hi i = 1     n annihilates  , it follows that hi ∈ I
and, consequently,
f a1     ak−1 x = 0
for all x ∈ . As above, going by induction, we conclude that f = 0
holds on .
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Remark 2. Our proof shows that for a ﬁnite dimensional K-algebra 
a GLPI can be transferred to  from an arbitrary non-empty open subset
(in, particular, from a non-empty open subset of units).
The above result suggests the following problem:
Problem. Let  be an algebra over an inﬁnite ﬁeld K such that  is
generated by its units as a vector space over K. Is it true that if 
satisﬁes a semigroup (group, polynomial, Laurent polynomial, etc.) identity
then  satisﬁes the same identity?
Remark 3. Since a ﬁnite dimensional K-algebra is generated as a vector
space over K by its units this fact also holds for algebraic K-algebras.
Corollary 4. Let K be an inﬁnite ﬁeld and suppose that one of the
following conditions is satisﬁed:
(i)  is a nil-generated unitary K-algebra.
(ii)  is the group algebra KG of a torsion group G.
(iii) K is algebraically closed and  is a twisted group algebra KtG of
a torsion group G.
Then  satisﬁes a GI if and only if the same identity is satisﬁed in .
In particular,  satisﬁes a SI if and only if a binomial identity holds in .
Proof. In view of the above theorem it sufﬁces to show in all cases that
 is locally ﬁnite.
(i) By [1],  satisﬁes a polynomial identity. Moreover, it follows
from [1, Lemma 2.2] that  is algebraic. Hence by [12, Theorem 6.4.3] 
is locally ﬁnite.
(ii) By [8]  satisﬁes a polynomial identity. Therefore, [15, pp. 196–
197] implies that G is locally ﬁnite and hence  is locally ﬁnite too.
(iii) By Theorem 5.1 and Theorem 3.8 of [3] G G < ∞,
′G < ∞, where G is the FC-center of G and ′G is its commu-
tator subgroup. Since G is torsion, it follows that G is locally ﬁnite and,
consequently,  is locally ﬁnite.
3. ALGEBRAIC ALGEBRAS
Theorem 5. Let  be an algebraic algebra over an inﬁnite ﬁeld K. If
 is LPI then  is a PI-ring. Moreover, if  is non-commutative then 
is a PI-ring, provided that the non-central units of  satisfy an LPI.
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We ﬁrst ﬁx some notation. Let KF be the group K-algebra of the free
group F on two free generators x1 and x2, and let Ky1 y2 be the free
algebra on y1 and y2 over K. Denote by Ky1 y2λ1 λ2 the ring of
formal power series in the commutative indeterminates λ1 and λ2 with
coefﬁcients in Ky1 y2.
We also need to introduce the ring λ1 λ2S , the localization of the
polynomial ring λ1 λ2 in the two commutative indeterminates λ1 and λ2,
by the multiplicative set S of all polynomials in λ1 and λ2 with coefﬁcients
in K, having non-zero constant term.
Let a ∈  be such that pa = 0, where px = xn + α1xn−1 + · · · + αn ∈
Kx n > 1, and let λ be a non-zero element of K. Set aλ = 1+ λa. Then
aλ is a root of the polynomial
hλx = px− 1/λ
Moreover, aλ is invertible, except for ﬁnitely many values of λ in K. In fact,
if a is nilpotent, then for each λ ∈ K
a−1λ = 1− λa+ λ2a2 + · · · + −1n−1λn−1an−1(3)
If a is not nilpotent, then
a−1λ = −an−1λ + β1λan−2λ + · · · + βn−1λ/λnβnλ(4)
where
hλx = λ−nxn + β1λxn−1 + · · · + βn−1λx+ βnλ
λ−nβnλ = hλ0 = p−1/λ
and each βiλ is a polynomial in λ over K.
We start with an easy preliminary result.
Lemma 6. Let f λ1 λ2 be an element of λ1 λ2S . Assume that there
are two inﬁnite subsets T1 and T2 in K, such that for all γi ∈ Ti 1 ≤ i ≤
2 f γ1 γ2 = 0. Then f is identically zero.
Proof. It follows by applying the standard Vandermonde argument.
We shall essentially use the following fact due to Makar-Limanov [13].
Lemma 7. The homomorphism τ KF −→ Ky1 y2λ1 λ2 deﬁned by
τxi = 1+ λiyi
τx−1i  =
∞∑
j=0
−λiyij 1 ≤ i ≤ 2
is injective.
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We also need to transfer a polynomial identity from the non-central ele-
ments to the entire algebra:
Lemma 8. Let  be a non-commutative K-algebra. If a polynomial iden-
tity Px1 x2 = 0 is satisﬁed by the non-central elements of  then P = 0
holds in .
Proof. We may suppose that P is homogeneous in each variable, i.e.,
every monomial of P has degreem in x1 and degree s in x2 (see [15, p. 215]).
Let a b c z ∈  such that a b are non-central and c z are central. Then
Pa + c b + z = 0 and write Pa + c b + z = ∑ij )ija bcizj , where
)ija b are polynomials in a and b with coefﬁcients in K. We see that
)m0a bcm = Pc b, )0sa bzs = Pa z, and )msa bcmzs = Pc z.
Taking arbitrarily c ∈ K z ∈ K we see by the Vandermonde determinant
argument that each )ija b is zero. Hence, Pc b = Pa z = Pc z =
Pa b = 0 and P = 0 holds in .
Now we are ready to prove the theorem.
Proof of Theorem 5. Since the free group on two generators contains
a free group on any ﬁnite number of generators, we may suppose that
 satisﬁes a two variable Laurent polynomial 0 = f x1 x2 ∈ KF . Fix
a b ∈  and consider the elements aλ1 bλ2 a−1λ1  b−1λ2 , which are contained
in λ1 λ2S (see (3) and (4)).
We have the following commutative diagram of K-algebras and homo-
morphisms:
Here φ is determined by x1 → 1+λ1a x2 → 1+λ2b, + is the evaluation
given by λ1 → α1 λ2 → α2 for admissible α1 α2 ∈ K, ψ is deﬁned by
y1 → a y2 → b, i denotes the inclusion of λ1 λ2S into λ1 λ2, and
τ is deﬁned in Lemma 7.
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By Lemma 7, 0 = τf  = ∑λi1λj2Pijy1 y2, where Pij ∈ Ky1 y2,
degy1Pij = i degy2Pij = j, and P00 = f 1 1 = 0. Take ﬁxed indices i0 j0
such that Pi0j0y1 y2 is a non-zero polynomial.
Looking at the diagram we see on one side, that φf  is an element
of λ1 λ2S , which by the inclusion i, can be seen also as an element of
λ1 λ2. Since by the evaluation φf  goes to zero in , it follows by
Lemma 6 that φf  is identically zero. On the other side, the commutativity
of the diagram implies that 0 = i ◦ φf  = ψ ◦ τf . This shows that
Pi0j0a b = 0. Since a b ∈  were arbitrary, it follows that Pi0j0y1 y2 =
0 is a polynomial identity for . This proves the ﬁrst statement of the
theorem.
Suppose now that  is non-commutative and the non-central units of
 satisfy an LPI gζ1 ζ2     ζk = 0. It is easily seen that ζi → x−i2 x1xi2
determines a monomorphism of the free group Fk with free generators
ζ1 ζ2     ζk into the free group F of rank 2 freely generated by x1 x2.
Thus gζ1 ζ2     ζk can be written as a Laurent polynomial f x1 x2 and
f = 0 is satisﬁed by the non-central units of . The above considerations
show then that the non-central elements of  satisfy a polynomial identity
Px1 x2 = 0. Lemma 8 implies now that  satisﬁes P = 0.
Corollary 9. If  is an algebraic algebra over an inﬁnite ﬁeld and 
satisﬁes a Laurent polynomial identity f = 0, then  is locally ﬁnite and
satisﬁes the same identity f = 0. In particular, if a polynomial (semigroup)
identity is satisﬁed by  then the same identity holds on . If  is non-
commutative, then these facts remain true when substituting  by the set
of the non-central units of .
Proof. Indeed, by the positive answer to the Kurosh’s problem for PI
algebras [12, Theorem 6.4.3],  is locally ﬁnite and Theorem 1 implies that
 satisﬁes f = 0.
Corollary 10. Let K be an inﬁnite ﬁeld.
(i) The Kurosh problem has a positive answer for K-algebras whose
non-central units satisfy an LPI.
(ii) Hartley’s conjecture holds for algebraic algebras over K.
Remark 11. While this note was in preparation, an article by Liu [5]
became available electronically. Among other results, the author proves
Hartley’s conjecture for algebraic algebras over inﬁnite ﬁelds. Thus, Theo-
rem 5 can be considered as an extension of his result. We also observe that
our methods are completely different.
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